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Transport and Thermal Properties of Heavy-Fermion Superconductors: A Unified Picture
S. Schmitt-Rink, K. Miyake, ' and C. M. Varma
ATE% T Bell Laboratories, Murray Hill, New Jersey 07974
(Received 11 March 1986)
The transport and thermal properties of heavy-fermion superconductors are explained in terms of (i)
an anisatropic order parameter with a line or hnes of nodes and (ii) an effective mean free path which,
except for the lowest temperatures, is approximately temperature independent and of a similar magni-
tude as in the normal state. Such a mean free path is showa to arise in a consistent treatment of impuri-
ty scattering close to the unitarity limit.
PACS numbers: 7¹.30.-e, 72.10.8g, 74.20.Fg
In the last few years, much attention has been focused
on heavy-fermion compounds and their superconductivi-
ty. ' 3 Arguments have been given4 that superconductivi-
ty cannot be due to conventional pairing, and that the
pair wave function must have a zero at the origin of the
relative coordinate. The pairing could then be in a trip-
let odd-parity state as in superfluid He or in a singlet
anisotropic state. s Various experimental results on the
thermodynamic and transport properties of UPt3, UBei3,
and CeCuzSiz bear out these suggestions. The particular
superconducting state adopted is, however, not clear. In
this paper we show that there is a consistent explanation
of all the experimental observations in terms of a super-
conducting order parameter which has a line or lines of
nodes (a polarlike state) on the Fermi surface and an ef-
fective mean free path which is approximately tempera-
ture independent and almost the same as in the normal
state over most of the range of the measurements.
States with a gap all around the Fermi surface or with
point nodes (axial-like states) do not consistently explain
the observations, and the requirement on the effective
mean free path is contrary to the results of impurity
scattering in the Born approximation. s We adopt the
suggestion of Pethick and Pines7 and consider impurity
scattering in the unitarity limit. We believe that this is
an intrinsic feature of impurities in a Kondo lattice,
where each magnetic ion leads at low temperatures to a
conduction-electron phase shift of n/2, the net effect be-
ing zero because of periodicity. A non-Kondo ion in
such a lattice would then appear to offer a phase shift
n/2 with respect to the background.
In superconductors, the scattering of electrons from
impurities is usually described by the Abrikosov-Gorkov
(AG) theory. In the case of pair-breaking impurities a
better calculation includes the effect of superconducting
correlations on the scattering amplitude. This is well
~
known from the theory of magnetic impurities in ordi-
nary superconductors and the theory of nonmagnetic
impurities in the Balian-Werthamer phase (of 3He). '
In these examples, the multiple scattering of electrons
from impurities leads to the formation of quasiparticle
bound states, which at finite impurity concentrations
form impurity bands. In anisotropic superconductors
with a finite quasiparticle density of states at all ener-
gies, the formation of quasiparticle bound states is not
possible. However, for large coupling constants a
scattering resonance may develop at low energies. This
influences the transport properties in a decisive way.
To leading order in the impurity concentration c, the
particle-hole-symmetric part of the electron self-energy
is given bys'P X(z) c [T(z) —T( —z) j/2, where
T(z) V+ V g&G (k,z )T (z) is the single-impurity t
matrix. Here, we assumed a contact impurity potential
V and odd-parity pairing. (No essential difference arises
for anisotropic even-parity pairing. ) G is the normal
part of the electron Green's function and z the Matsu-
bara frequency. Following AG, the effects of a finite
concentration of impurities are treated by our making
these equations self-consistent by renormalization of the
Matsubara frequency according to z z -Z(z). The
density of states (DQS) is given by
N(E)//NF- —n 'Im+~G(k, z) l, -E+;p
and the transport coefficients can be calculated following
Kadanoff and Falko" and Ambegaokar and Griffin. 'z
For example, the average thermal conductivity K
trK/3 is given by
J dEE sech L(E),K 3 2 2 F.&n 2 T3
where (neglecting vertex corrections)
,( )
- d Q I, E I z- l~(Q) l2 (3)lE' —l~(Q) l'l Im2 [E'—l~(Q) l'I'"
In the limit v ~ 0, (I) and (3) can be identified with (de/dE) and ((dE/de)r(E)/rN), respectively, where angular
brackets denote the angular average over the region l h(Q) l ~E, E [e + l h, (Q) l 1't, e being the electron kinetic
energy measured from the Fermi level, and r(E) is the quasiparticle scattering time. For normal Fermi liquids L(E) is
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the normalized energy-dependent mean free path.
We have determined E and 6 self-consistently and
evaluated N(E)/NF, L(E), and the transport coefficients
for the polar and the axial states. Figure 1(a) shows the
results for the unperturbed and perturbed 1V(E)/NF and
L(E) in the unitarity limit, VNF&& 1, for a value 10 of
the pair-breaking parameter ri (2'/))) ' and a polar
state. For the small but realistic rt chosen, N(E)/NF ex-
hibits a peak at the scattering resonance which in the
unitarity limit is situated at E 0. Otherwise, it is al-
most identical to its unperturbed value and thus linear
up to E = h. The remarkable result is that L(E) shows
almost the same behavior as (the unperturbed)
N(E)/NF, except at the lowest energies E (10
where it saturates. Above this value, L(E) may be fitted
well by a straight line. Within standard kinetic theory
one would identify L(E) with the product of the quasi-
particle density of states and the effective mean free path
l or relaxation time r, normalized to its normal state
value. If we divide L(E) by N(E)/1VF we find that 1/ltv
or r/gatv decreases with decreasing energy, the change be-
) ) I ) ) ) I I ) I t I 1 ) ) ) )
0.5
ing small (about a factor of 2) down to the pair-breaking
region, E & 10 'b, . Much the same can be said for the
axial state [Fig. 1(b)l, and this behavior persists for all
g (& 1'.
Pethick and Pines calculated the t matrix in the uni-
tarity limit, but with an unrenormalized G(k,z ). Conse-
quently, for the small impurity concentrations under con-
sideration, their results should differ from ours mainly at
low energies, where the effects of pair breaking are
strongly enhanced. As for the transport properties, they
draw their conclusions from the low-energy behavior
only and find z-T lnz(h/T) and z-const for the polar
and axial states, respectively. They conclude on the
basis of such r(T) that no form of superconducting order
parameter explains the experiments consistently. On the
other hand, we find for both states that at low energies
z-N(0), the impurity-induced DOS, and r-constant
and nearly equal to rN in the energy region above the
pair-breaking regime relevant to most of the existing ex-
penments.
Now we will discuss briefly the existing experimental
data and show its consistency with the present theory as-
suming a polarlike state. A detailed comparison of our
theory (including vertex corrections) and the experimen-
tal data will be published elsewhere.
Thermal conductivity, Jt—The thermal conductivity
EC has been measured in polycrystalline UPt3, ' '"
UBC/3 and CCCuzSiz 's samples and has been fitted by
a T behavior down to temperatures as low as T,/10.
Figure 2 shows E/KN for the polar state and z, /zN 2
&10, where EC~-T and s, is the critical scattering
time for the vanishing of superconductivity. As expected
1.25
LLI 0tm ) ) t I )
0 OS
~t
lL 2 ) )
(b)
l.5
) I I I I I I ) I I ) ) I
1.5
' (I,
I
&l
i~
"Z O.VS-@
0
~8dZ0
o.s—
Z
bC
O.s 0.25—
0
0 0.5
I ) ) ) ) I ) ) )
l.5 00 0.5 O.YS
T/Tc
1.25
FIG. 1. Ullpcrturbcd (doffe curves) Slid perturbed (solid
curves) density of states N(E)/NF, and L(E) (dashed curves),
in thc unitarity limit for the (a) polar and (b) axial stages and
2v~h, ~ 102.
FIG 2. Therm» con«ctivity K/K~ (solid curve), longitu-
d&n» sound attenuation a /ak (dotted curves), and transverse
sound attcnuat)on a /al (dashed curves) in the unitarity limit
for the polar state and g, /gN 7.x lo
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from the behavior of L(E), II:/Klv O(T/T&) over a
large temperature range, which is in good agreement
with the experimental results. The axial state in the
same range gives K/E~ O(Tz/T~). 7 Recent experi-
ments show a crossover to a T-independent EC/ICn in
UBe~3 at T/ T,-10 ', as predicted here.
Transuerse ultrasonic attenuation, a .—Experiments
have been performed in the hydrodynamic limit on UPt3
single crystals. 's's Transverse sound has been propagat-
ed both along the c axis' and in the basal plane. ' In
the first case the attenuation down to T,/2 has been
found to vary like T, whereas in the second case both a
T (polarization in the basal plane) and a T3 (polariza-
tion along the c axis) power law have been deduced.
Figure 2 shows a~„/ug and a~,/a$ for the polar state
and r, /rN 2&10, where a~~-constant. Here, z and
x,y refer to the directions parallel and perpendicular to
the polar axis, respectively. As expected, a ~y/a$
O(T/T, ) and a„,/a$ O(T /T, ) over a large tem-
perature range, which is again in good agreement with
the experiment. We can deduce that the line or lines of
zeros of the gap are perpendicular to the c axis.
Longitudinal ultrasonic attenuation, a The.—first
longitudinal ultrasonic attenuation measurements
along the c axis in UPt3 could be fitted well by a Tz law
between T,/2 and T,/8, which was the lowest tempera-
ture achieved. In the same temperature region, a better
quality crystal, as judged from the width of the transi-
tion, yields a power law closer to T' . ' An even better
quality crystal shows a pronounced peak just below T,
followed by a T3 dependence down to T,/2. 's The peak
is also observed in UBe~3, z with a similar power-law
behavior at low temperatures. Figure 2 shows az ja$
and az/af for the polar state and r, /r~ 2&10
where af-constant. As expected, ceja/ O(T/T&)
and az/a$ O(T/T, ) over a large temperature range.
[For the axial state one finds O(T2/Tz). z3l To explain
the experimental results completely, the contribution
near and below T, due to the relaxational mode of the
order-parameter amplitude (Landau-Khalatnikov mech-
anism) must be included. This explains the peak ob-
served just below T„but it also gives a low-temperature
tail in a —T (again, with an effective constant I or z).
A polarlike state has been invoked to explain the
NMR experiments in CeCuzSiz2s and UBe~3,zs which
show that T~ ' —T (for axial-like states, T~ '-T ).
The experimental results on the specific heat C in
UBe~3 and CeCuzSi2zs cannot be fitted by simple in-
tegral power laws, whereas in UPt3 C-Tz is found,
again characteristic of a polarlike state. ' ' The
behavior in UBe~3 and CeCuzSiz might be explained by
the fact that the renormalizations have not attained
their asymptotic values in the range of the experiments.
In conclusion, we have discussed how the assumption
of a polarlike state, together with a consistent treatment
of impurity scattering in the unitarity limit, leads to re-
suits that are consistent with the experimental observa-
tions in all three compounds studied. We have presented
calculations with a polar state as representative of the
class of states with a line or lines of zeros of the gap. We
cannot distinguish a specific polar-type state nor draw
any conclusions from the experimental data about
whether the pairing is in a triplet or an (anisotropic)
singlet state. It is remarkable that three materials with
different crystal structures, effective masses, spin orbit-
coupling parameters, etc. , should have similar anisotro-
pic superconducting states. It is noteworthy that aniso-
tropic superconductivity through exchange of antifer-
romagnetic spin fluctuations promotes even-parity states,
all of which have line nodes of the gap. '
We have benefitted from numerous discussions with
B. Batlogg, D. J. Bishop, B. Golding, and A. E. Rucken-
stein. P. Hirschfeld, D. Vollhardt, and P. Wolfle have
independently arrived at conclusions parallel to ours.
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